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FUNCTIONS OF LIMITED VARIATION IN AN INFINITE NUMBER OF 

DIMENSIONS. 

Bt p. J. Dakiell. 

In a recent issue of these Annals appeared a paper by the author on 
"A General Form of Integral."* Integration was defined for functions of 
perfectly general elements, p. In a later paper (in the last issue), the 
author was able to define two kinds of integral in a space of a denumerably 
infinite number of dimensions. One of these was the generalization of the 
Lebesgue integral in the interval to 1, the other an iterated Stieltjes 
integral of positive type. In the present paper functions, of a more general 
class, which are of hmited variation in a denumerably infinite number of 
dimensions, are defined together with their corresponding Stieltjes integrals. 
References are made to Fr^chet's thesis.f Our attention wiU be confined 
in this paper to a "finite domain" or interval 

«i — a;i ^ 61, . . ., o„ ^ a;„ < 6„, • • •. 

1. Introductory remarks. For the sake of definiteness we first define 
what we meanljy a function of limited variation in a finite number of 
dimensions. Let a{xi, Xz, • • • x„) be a function of a finite number of 
variables in the finite domain 

(tti ^ Xi^bi, • • •, Un — X„ ^ &n). 

Divide the ranges of the variables into subranges as, for example, by the 
numbers 

Oi = Xio < 'Xii < • • • < XiA = 61 



On = a;„o < X„i < • • • < Xnk = hn- 

This divides the original interval into a finite number of rectangles or sub- 
intervals which we name by their extreme upper corners. We denote 

A.-cc = a(xu, X2, X3 • • • Xn) — a(xii-i, x^, • • •, a;„), 

Ai/a = Aj{Aia) = a{xii, x^, X3, • • •, a;„) 

— a{xu-\, Xij, Xz • • • x,i) — a(xu, Xjy-i, x^, • • •, x„) 

+ a{Xii-i, Xij-i, X3, • • •, Xn), 

* P. J. Daniell, These Annals, vol. 19 (1918), p. 279. In this paper the author erroneoiisly 
stated that E. H. Moore's integral is a special instance of his. He takes this opportunity to offer 
his apologies to Professor Moore and to his readers. 

t M. Fr^chet, Rendiconti di Circolo matematico di Palermo, vol. 22 (1906), p. 40. 
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and so on; finally 

A.ij^...qa = a(Xu, Xij, • • •, Xnq) — • ' • + • • • 

••• + (- l)"a:(a;if_,, Xay-i, • • •, a;„«_i). 

Definition 1. 1. Positive type. The function a{xi, • • •, x„) is said to 
be of positive type in the variables (xi, • • •, a;„), if 

for all subintervals {i, j, • • •, q) whatever. 

Definition 1. 2. Limited variation. The function a{xi, •••, x„) is 
said to be of limited variation in the variables (xi, • • • , a;„) if 

S |A./."««1 ^K, 

ij...q 

where K is some finite number independent of the manner in which the 
interval is divided. The lower bound of such numbers K is called the total 
variation of a in the interval (oi, a^, • • •, a„) to (6i, hi, • • -, b„). 

Definition 1, 3. Simple type. The fimction a(xi, • • •, Xn) is said to 
be of simple t3rpe in the interval (ai, a^, • • •, o„) to (&i, 62, • • •, K), if it is 
zero whenever any one of the variables, Xr, attains its lower limit, Or. 

Theorem 1. 4. A function which is of positive and simple type in the 
variables (xi, • • • , a;„) is also of positive type in any collection of variables 
chosen from among (xi, • • •, x„), the remainder being held constant. 

Let Xp, Xq, • • •, Xt, be the m variables chosen and consider an interval 
(cp, Cq, • • •, C() to (xp, Xg, • • -, Xt). The wth order difference of a in the 
interval 

(tti, 02, • • • Cp, • ••, Ct, •• • an) to (Xi, • • •, x„), 



that is to say where ai, • ■ 


■ •, ffln 


are the lower limits for all v 


ariabl( 


the p, q, • • • t variables. 








Aa" = a{Xi, ■• -, Xn) — • 


•• + 


•••+(- l)»a(ai, ■•■,cp, • 


• •, «n) 


= aixi, '• •,Xn) - • 


•• + 


•••+(- l)'»a(xi, ■•',Cp, • 


• •, Ct, 



■,Xn). 



For, since a is of simple type, the remaining values of a all vanish. 
[LCxample. In the interval (ai, C2) to (xj, X2) 

A^a:(xiX2) = a(X], X2) — (x(Xi, d) — a(ai, X2) + a{ai, c^) 

= a{Xi, Xi) — a(Xi, C2) — + 

= Aq:(Xi, X2) 

in the interval Ci to X2, Xi being constant.] 
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Then the mth order difference of a in the interval {Cp, Cg, • • • Ct) to 
(xp, Xg, • • • Xt), the other variables Xi, • • •, x„ being held constant, is equal 
to the nth order difference of a in the interval 

(Ol, • ■ •, Cp, •• •, Ct, • • •, On) to (Xi, • • •, X„). 

If a is of positive type, the latter nth order difference is non-negative, or 
the former mth order difference is also non-negative. The theorem is 
proved. 

Theorem 1. 5. If a{xi, • • •, x„) is of limited variation and simple type 
in the variables (xi, • • •, x„), it is also of limited variation in any collection 
of variables chosen from among (xi, • • •, x„), i/ie remainder being held constant. 
Also, if the nth order total variation ^ K, the latter variation is also ^ K. 

Let the interval (a^, a,, • • •, a,) to (bp, bg, • • -, bt) he subdivided into 
subintervals in any manner, one of these subintervals being 

(cp, Cg, • •-, Ct) to (dp, dg, • • •, dt). 

By the reasoning employed in Theorem 1. 4, the multiple order difference 
of a in this interval is the same as the nth order difference of a in the interval 

(ai, • ■ •, Cp, • • •, Ct, • • •, a„) to (xi, • • •, dp, • • •, dt, • ■ •, x„). 

The collection of subintervals of the latter type form a possible mode of 
subdivision of the n-dimensional interval and, therefore, 

if K is the total variation of a in the variables (xi, • • •, x„), in the interval 
(ai, • • •, a„) to (&i, • • •, &„). This proves the theorem. 

[Example. Consider the variation of ^({i, Xa) in the interval, 
Oi ^ ^1 ^ 6i. Divide this interval by the numbers 

ai = If, < li < • • • < In = bi, 

a(lr, Xi) — a(lr-i, X2) = a(lr, Xi) — a{l„ 02) — "(ir-i, X2) + a(lr-i, a^). 

2. Infinite number of dimensions. 

Definition 2. 1. Positive type. A function a(xi, • • •, x„, • • •) of the 
denumerably infinite number of variables (xi, X2, • • •, x„, • • •) is said to 
be of positive type, if, when x„+i, x„+2, • • • are held constant, it is of positive 
type in (xi, • • • , x„) for all integers n. 



FUNCTIONS OP LIMITED VAEIATION. 33 

Definition 2. 2. Limited variation. A function a(xi, ■••, Xn, • • •) 
of the denumerably infinite number of variables {xi, ■ • • x„, • • -) is said to 
be of limited variation, if, when x„+i, x„+2, • • • are held constant, it is of 
limited variation in (xi, • • •, x„) for all integers n, these total variations being 
limited in their set. 

Definition 2. 3. Simple type. A function a(xi, ■ ■ -, x„, • • •) is said 
to be of simple type in the interval 

<*1 — ^1 — Ol) • • • , a„ '^ Xn — On, • • •, 

if it is zero whenever any one of the variables, x„, attains its lower limit, a„. 

Theorem 2. 4. Any function of limited variation and simple type is 
the difference of two limited functions of simple and positive type. Conversely 
the difference of two limited functions of simple and positive type is a function 
of limited variation and simple type. 

The second part of the theorem is easy to prove; for, it a = p — fi', 

A»q: = A"i3 - A"^', 

|A"q; I •< A"|8 + A";8' 

S |AV I < ^(6i, b„ ■■■,bn, ■■■)+ ^'(&i, b„ ■■.,bn, •• ■). 

Also when fi = 0, fi' = 0, then a = 0. 

The proof of the first part is not so simple. Let K denote the upper 
bound of all variations of a, varying (xi, • • • , x„), holding x„+i, • • • , constant 
for all integers n and all (x„+i, • • •) in the interval. By definition such a 
finite K exists. Denote by 

Oin{Xi, • • •, X„, X„+i, •• •) 

the total variation of q;(|i, fj, • • • ^n, x„+i, • • •) holding (x„+i, x„+2, • • •) 
constant and varying (^i, •••, ?„) in the interval (oi, a^, • • •, a„) to 
(xi, • • •, x„). This function is numerically not greater than K and is 
of simple type in all the variables. It is also of positive type in the vari- 
ables (xi, • • •, x„), when x„+i, • • •, are regarded as parametric constants. 
By Theorem 1. 4. ii m ^ n, a„ is of positive type in the variables 
(xi, •••, x„). Let 

2;8„ = « + «„, 2j8„' = On — a. 

Then j8„, fi„' are also not greater than K and are of simple type in all the 
variables. They are also of positive type in the variables (xi, • • •, x„), in 
fact they are the positive and negative variation functions of a in the n 
variables such that 

;8„ - ^n' = «, 
fin + ^n' = an, 
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the total variation function of a in the variables (xi, • • • , x„). By Theorem 
1. 6 if m :£ n, 

Then the sequences {an}, {M> {|8n'} are nondecreasing sequences limited 
by K and possess limits u, /3, j8', such that 

a = fi-fi', j8 + ^' = w. 

Definition 2. 5. We define the total variation function, 

u(xi, Xi, • ■•, Xn, • • •) = lim an(xi, ■ •-, x„, ■• •), 

n»oo 

as the limit, as n increases indefinitely, of the total variation function, «„, 
of a in the variables (xi, • • •, x„), holding x„+i, • • • constant. Similarly 
we can call /?, /3', the positive and negative variation functions respectively. 
Since i8„, /?„' are of positive and simple type in (xi, • • •, x„),'by Theorem 
1. 4 if m ^ n, they are also of positive type in the variables (xi, • • •, Xm). 
Therefore, in the limit, /3, /3' are of positive type in the variables (xi, • • •, Xm) 
for all integers m; that is to say /3, jS' are of positive type in the sense of 
Def. 2. 1. Again if Xr = Or, /3„ = 0, /3„' = for all n, or 

/3 = 0, ^' = 0. 

Hence j8, jS' are of simple type, and they are not greater than K. The 
theorem is proved. 

3. Generalized Stieltjes integral. Let /3 (xi, • • •, x„, • • •) be a hmited 
function of simple and positive type in the interval 

(oi, • • •, a„, • • •) to (bi, • • •, 6„, • • •)• 

as in our previous paper on integrals in an infinite number of dimensions, 
we choose the class To to be the class of functions of a finite number of the 
variables, continuous in the given interval. As before To is closed with 
respect to the operations of multiplication by a constant, addition and 
taking the modulus; the functions are bounded, and if /i(p), • • •,/n(p), • • • 
are functions of class To such that 

flip) ^Mp) ^ • • • ^Mp) ^ • • • s = lim/„(p) 

m«oo 

for all p in the interval; then 

lim max/„(p) = 0. 

Definition 3. 1. Let/(xp, • • •, X() be a fimction of class To, then we 
define the integral of / with respect to )3 in the given interval as 

/d(8 = I ... I /(xp, . • • Xt)dB(xp, ■ ■ ■ xct), 
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where the integration is over the finite number of variables {Xp, • • • , Xt) 
and where 

B{Xj„ ■ ■ -, Xt) = )3(&i, ■■■,Xp, ■■ ■, Xt, ■ ■ ■, bn), 

all the variables except (xp, • • • , Xe) being made equal to their upper bounds 
(61, •••,&», • • •)• The right-hand integral is definite because by Theorem 
2. 4, and Definition 2. 1, B{xp, ■ • •, Xt) is a limited function of positive 
tjrpe and / is .a continuous function of the finite number of variables 

{Xp, • • •, Xt). 

It happens that a continuous function of m variables can also be re- 
garded as a continuous function oi m + 1, m + 2, • ■ ■ variables, by sub- 
joining variables with respect to which the function is constant. On this 
account it is necessary to prove that our definition of the integral is self- 
consistent. It is sufficient if we consider the case where one variable is 
added; that is, if x„ is any variable other than Xp, Xq, • ■ •, Xt, then we can 
prove that, if f{xp, ■ • ■, Xt) is & continuous function, 

ff(Xp, ■ ■-, Xt)dB{Xp, •■■,Xt) = ff(xp, ■••, Xt)dB{xp, •■■,Xt, a;„). 

[For convenience we have placed the variable x„ last, but it may occur 
anywhere with respect to Xj,, • • • , x^.] The right-hand integral is found 
as the limit of 

Z- JK^pa.-, • • •> i,t»)^lp^...xtix^^ "'"' B(Xp ■ • ■ Xt, Xu) 

= 2: m.^ ■■■, UAZ'^xr''*' i: a::-+'5(x, • • . x,x„). 

a, .... 9 

But 

2] A^^-'+'SCxp, • • •, X(X„) = B(xp, •■■,Xt, bu) - B{xp, • • •, x«, a„) 

= B(xp, ■ • •, Xt) — 0. 

This proves the consistency of the integral definition. It follows without 
further difficulty that the integral 

satisfies the postulates, 

(C) I(cf)=cl{f), 

(A) Hfi+fd = /(/i) + /(/2), 

(P) /( / ) > 0, if / > for all elements p. 

Also if 

B = 0{br, ••.,&„, •••) 

l/(/)|<5max|/(p)|. 
p 

Using the fact stated in the paragraph before Definition 3. 1, we observe 
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that postulate (L) is also satisfied, that is to say, if 

/i(p) ^Uv) ^ •• ^/n(p) • • • ^ = liin/„(p) 
for all elements p, then 

lim /(/„) -^ B Um max /(p) 

n=oo n=oo p 

= 0. 

Definition 3. 2. Let a{xi, •••, x„, • • •) be a function of limited 
variation and simple type. By Theorem 2. 4 it is the difference of two 
functions /3, P' Umited and of simple and positive type. We define 

S(f; a) = /(/; p) - I(f; &'), 
Jfda = ffdfi - ffdfi'. 
S{f) satisfies postulates (C) (A) (L). Moreover 

\S(f;a)\^(B + B')max\f\, 
that is to say, it also satisfies postulate M where 

M{f) = max/. 

As we proved in the previous paper any continuous function is the limit 
of a sequence of functions of class To limited in their set and therefore we 
can define S(f; a) = ffda for all continuous functions /. We can also 
extend the definition of the Stieltjes integral to a wider class of summable 
functions by the methods used in oiir article "A General Form of Integral." 
4. Example 1. Let ai{xi), aaixi, xj), • • • be functions of simple type 
and limited variation in the variables specified, in the interval 

(ai, • • •, o«, • • •) to (6i, • • •, 6„, • • •); 

and let F<, Vij, • • • be the corresponding total variations. Then if 

n=l i,J 

are convergent series and if 

nasi 

is convergent, we may define 

a(xi, ■•■,Xn, ■■•) = ^ kiai(xi) + 2 kijUijixi, X,) -\- ■■•, 

i,J 

and this a will be of simple tj^pe and limited variation. In particular 
choose the interval from 

(0,0,0, •••) to (61,62, •.•,6„„ •••) 
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and let 

a(xi, Xi, ■••,Xn, •■■) = Z — n fix,) , 

<p(x) = integral part of x ^ (1 + x^). <p(x) is of limited variation from 
to 6„ in fact from to oo , for, at x = n, it makes a sudden increase from 

n — 1 , n 

to 



and then decreases continually from 



n , n 

to 



l+n" "" l + (n + l)=" 

when it suddenly increases again and so on. The variation of ^(x) from 
to 00 is 

•^ ~ „tl 1 + «=> ^ (n" + 2n + 2)(n2 + 1) ^ "^^ 1 + n^ 

and therefore is finite. 

The variation of a in the variables (xi, • • • , x„) or 

«»<^"(^+(mr!+---) 

for, I <p{x) I < 1. 

"" ^(«- l)!' 

The right-hand expression has a finite upper bound, which proves that a 
is of limited variation, though, since this is only a particular case of the 
general example, we can see that the total variation is less than 

Exampk 2. Of an entirely different type is the following example. 
Let (x„) denote the lower bound of the variables (xi, Xs, • • •, x„, • • •) and 
let the interval be from (0, 0, 0, • • •) t? (3, 3, 3, • • •) ; tlien 

a(xi, • • •, x„, • • •) = ^ (x„) < 1 

= 1 1 < (x„) < 2 

= - 1 (x„) > 2, 

is of hmited variation and simple tj^pe. To prove this it is sufl&cient to 
observe that we can express a as the difference of two hmited functions of 
simple and positive type, in fact, 

a = 0- 2/3", 
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where 










Kxi, ■ 


•■,Xn, •••) =0, 


< (x„) < 1, 






= 1, 


(x„) > 1. 




^"(Xl, • 


••,Xn, •••) = 0, 


< (a;„) < 2, 






= 1, 


(x„) ^ 2. 



Consider the »th order difference of |8 in an interval 

(Ci, C2, • • •, C„) to (Xi, Xi, •••, Xn) 

the variables a;„+i, x„+2, • • • being held constant. Since Cr ^ Xr, if any 
Xr < 1, |3 = at every vertex of the "interval" and the nth order difference 
is also 0. We suppose then that (x„) > 1. Let s of the c's be s: 1, the 
rest being < 1. Then at the extreme upper vertex j8 = 1, at s of the vertices 
next to this ^ = 1 and at the others ^ = 0, at (j) of the next vertices /3 = 1 
and at the others /3 = 0, and so on. Then the interval difference 

= (1 - D' 

= 0. 

If every Cr < 1, /3 = at every vertex except the extreme upper vertex, at 
which j8 = 1. Hence the interval difference of /3 is always zero except when 
(x„) >: 1 and c, < 1, (r = 1, • • •, n), and in that case the interval dif- 
ference = 1. 

In particular, ^ is of positive type. Similarly it can be shown that /3" 
is of positive type. 

It also follows that, if /(xp, • • • , xO is a function of class To, 

ffd^=f (1,1, ■.■,!) 

//dr =/(2,2, ...,2), 
so that 

ffda=f(l,l, ...,1)- 2/(2,2, ...,2). 

Lastly if / is any continuous function of the variables (xi, • • •, x„, • • •)» 

ffda =/(l, 1, . . ., 1, . . .) - 2/(2, 2, • • ., 2, • . .). 

The reader can readily invent other examples of this tj^e. 

Rice Institdte, 

Houston, Texas. 



